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Abstract. Let SI CC C* 1 , n > 3, be a smoothly bounded domain. Suppose that f2 
admits a smooth defining function which is plurisubharmonic on the boundary of O. 
Then the Diederich-Fornajss exponent can be chosen arbitrarily close to 1, and the 
closure of Q admits a Stein neighborhood basis. 



1. Introduction 

Let fl CC C™ be a smoothly bounded domain. Throughout, we suppose that admits 
a C°°-smooth defining function p which is plurisubharmonic on the boundary, 60, of Q. 
That is, 

(1.1) H p (t,${z) := £ g^F^k > for all z e Ml, £ e C". 

j,k=l 3 

The question we are concerned with is what condition tells us about the behaviour 
of the complex Hessian of p - or of some other defining function of f2 - away from the 
boundary of 0. 

That p is not necessarily plurisubharmonic in any neighborhood of bVL can be seen 
easily, for an example see Section 2.3 in [5]. In [5], we showed that if n = 2, then for any 
e > 0, K > there exist smooth defining functions pi, i = 1,2, and a neighborhood U of 
&f2 such that 

(1-2) H Pi (Z,0( qi ) > -e\ Pi ( qi )\ ■ \e + K\(d Pl ( qi ),0\ 2 

for all £ e C 2 and q t e H n U, ? 2 6!l c n U. 

The estimates (jl.2l) imply the existence of particular exhaustion functions for f2 and 
the complement of O, which is not a direct consequence of JO}. A Diederich-Fornasss 
exponent of a domain is a number r G (0, 1] for which there exists a smooth defining 
function s such that — (— s) T is strictly plurisubharmonic in the domain. It was shown 
in [H [7] that all smoothly bounded, pseudoconvex domains have a Diederich-Fornaess 
exponent. However, it is also known that there are smoothly bounded, pseudoconvex 
domains for which the largest Dicdcrich-Fornacss exponent has to be chosen arbitrarily 
close to (see [2]). In [5], we showed that (jl.2p . i = 1, implies that the Diederich-Fornaess 
exponent can be chosen arbitrarily close to 1. We also showed that (|1.2| . i = 2, yields that 
the complement of f2 can be exhausted by bounded, strictly plurisubharmonic functions. 
In particular, the closure of Q admits a Stein neighborhood basis. 

For n > 3 we obtain the following: 
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Theorem 1.3. Let Q CC C n be a smoothly bounded domain. Suppose that Q has a 
smooth defining function which is plurisubharmonic on the boundary ofQ. Then for any 
e > there exist a neighborhood U of bfl and smooth defining functions r\ and r-i such 
that 



(1.4) Hrx (£, £)(?)>■ 
holds for all q enr\U, £ E C n , and 

(1.5) H r ^,0(q)>- 
holds for all q G (0) c n [/, £ G C ,; 



r 2 (g)-iei 2 + ^T -km*), or 

r 2(<7j 



Let us remark that our proof of Theorem 11.31 also works when n = 2. However, the 
results of Theorem 11.31 are weaker than (|1.2[) . Nevertheless, they are still strong enough 
to obtain that the Diederich-Fornaess exponent can be chosen arbitrarily close to 1 and 
that the closure of the domain admits a Stein neighborhood basis. In particular, we have 
the following: 

Corollary 1.6. Assume the hypotheses of Theorem hold. Then 

(1) for allr) G (0, 1) there exists a smooth defining function f\ oftt such that — (— fi) ?? 
is strictly plurisubharmonic on Q. 

(2) for all rj > 1 there exist a smooth defining function fi of Q and a neighborhood U 
of fl such that r% is strictly plurisubharmonic on (fl) c R U. 

We note that in [3] it was proved that (i) and (ii) of Corollary 11.61 hold for so-called 
regular domains. Furthermore, in [1] it was shown that pseudoconvex domains with 
real-analytic boundary are regular domains. 

This article is structured as follows. In Section [2] we give the setting and define our 
basic notions. Furthermore, we show in this section which piece of the complex Hessian 
of p at a given point p in 6f2 constitutes an obstruction for inequality (|1.4| to hold for a 
given e > 0. In Section [3j we construct a local defining function which does not possess 
this obstruction term to (|1.4p at a given boundary point p. Since this fixes our problem 
with p.4p only at this point p (and at nearby boundary points at which the Levi form 
is of the same rank as at p), we will need to patch the newly constructed local defining 
functions without letting the obstruction term arise again. This is done in Section [4] In 
Section [5l wc finally prove (|1.4|) and remark at the end how to obtain (|1.5j) . We conclude 
this paper with the proof of Corollary 1 1.61 in Section O 

We would like to thank J. D. McNeal for fruitful discussions on this project, in partic- 
ular we are very grateful to him for providing us with Lemma 14.31 and its proof. 



2. Preliminaries and pointwise obstruction 

Let (z\, . . . , z n ) denote the coordinates of C™. We shall identify the vector . . . , £„) 
in C™ with £i in the (1, 0)-tangcnt bundle of C" at any given point. This means 

in particular that if X, Y are (1, 0)-vector fields with X(z) = X)"=i an< ^ ^( z ) = 

H p (X,Y)(z)= £ ^-JL.( z ) Xj {z)¥ k (z). 

j,k—l 
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Suppose Z is another (l,0)-vector field with Z(z) = Y^t=i Zi(z)-J^. For notational 
convenience, and because of lack of a better notation, we shall write 

(ZH P )(X,Y)( Z ):= ± ^^ {z)Xi {z)Y k {z)Hz). 



j,k,i=i 



We use the pointwise hermitian inner product (., .) defined by (^-, gf^-) = Sj. Hoping 
that it will not cause any confusion, we also write (., .} for contractions of vector fields 
and forms. 

We will employ the so-called (sc)-(lc) inequality: \ab\ < r\a\ 2 + j^\b\ 2 for r > 0. 
Furthermore, we shall write \A\ < \B\ to mean \A\ < c\B\ for some constant c > which 
does not depend on any of the relevant parameters. In particular, we will only use this 
notation when c depends solely on absolute constants, e.g., dimension, quantities related 
to the given defining function p. 



Let us now work on proving inequality fL4J). Since 60 is smooth, there exists a 
neighborhood U of 60 and a smooth map 

7T : n n u — > bn 

q i ► ir(q) = p 

such that n(q) = p lies on the line normal to 60 passing through q and \p — q\ equals the 
Euclidean distance, dbn{q), of q to 60. 

After possibly shrinking U, we can assume that dp ^ on U. We set N(z) = 
\dp(z) \ Y^ij=i S§~( z ^7Jz~' ^ f ' s a sm0 °th function on U, then it follows from Taylor's 
theorem that 

(2.1) f(q) = f(p) - d m (q) (Re TV) (f)(p) + O (dl n (q)) for q £ On C/; 

for details see for instance Section 2.1 in 5^. Let p 6 60 n U be given. Let W <E C™ be 
a weak, complex tangential vector at p, i.e., (dp(p),W) = and H p (W,W)(p) = 0. If 
q £ n U with ir(q) = p, then (|2.ip implies 

(2.2) H p (W,W)(q) - H P (W, W)(p) - d bQ (q) (Re A) (H P (W,W)) (p) + 0(d 2 bn (q))\W\ 2 . 
Since H p (W, W) is a real- valued function, we have 

(Re A) {H p (W,W))=Re[N(H p (W,W))}. 

Moreover, H p (W, W) is non-negative on 60 fit/ and equals at p. That is, H P (W, W)\ bnnu 
attains a local minimum at p. Therefore, any tangential derivative of H p (W, W) vanishes 
at p. Since A — A is tangential to 60, we obtain 

Re [A (H p (W, W))] (p) = A (H P (W, W)) (p) = (A"If (0 )(W, W)(p), 

where the last equality holds since W is a fixed vector. Hence, (|2.2|) becomes 

(2.3) W0(g) = -d6n(9)(JVir p )(W; W)(p) + O (d 2 bn (q)) W 2 . 

Clearly, we have a problem with obtaining (|1.4j) when (A7J (3 )(M / , W) is strictly positive at 
p. That is, when ^(VF, W) is strictly decreasing along the real inward normal to 60 at p, 
i.e., H P (W,W) becomes negative there, then (| 1 .4[) can not hold for the complex Hessian 
p when e > is sufficiently close to zero. The question is whether we can find another 
smooth defining function r of O such that (NH r )(W, W)(p) is less than (NH p )(W, W)(p). 



^Equation 112.11 1 above differs from (2.1) in [5] by a factor of 2 in the second term on the right hand 
side. This stems from mistakenly using that outward normal of length 1/2 instead of the one of unit 
length in [5]. However, this mistake is inconsequential for the results in [5]. 
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The construction of such a function r is relatively easy and straightforward when n = 
2 (see Section 2.3 in [5] for a non-technical derivation of r). The difficulty in higher 
dimensions arises simply from the fact that the Levi form of a defining function might 
vanish in more than one complex tangential direction at a given boundary point. 



3. Pointwise Modification of p 

Let Sj C 60 be the set of boundary points at which the Levi form of p has rank i, 
i S {0, . . . , n— 1}. Note that Uf_ Ei is closed in 60 for any j G {0, . . . , n— 1}. Moreover, 
Ttj is relatively closed in 60 \ u{Zq Ej for j € {1, . . . , n — 1}. Of course, E„_i is the set of 
strictly pseudoconvex boundary points of O. 

Let p € 60 fl Ej for some i £ {0, . . . , n — 2} be given. Then there exist a neighborhood 
V C U of p and smooth, linearly independent (1, 0)-vector fields W a , 1 < a < n — 1 — i, 
on V, which are complex tangential to 60 on 60 fl V and satisfy H p (W a ,W a ) = on 
Si n V. We consider those points q G fl n V with 7r(g) = p. 

We shall work with the smooth function 

n—l—i 

r(z) = p(z) ■e- cv ( z) , where <t(z) = ^ F p (W a ,W Q )(z) 

a=l 

for Here, the constant C > is fixed and to be chosen later. Note that r defines 

fefi on bil n V. Furthermore, a is a smooth function on V which is non-negative on 60 fl V 
and vanishes on the set E,; (~1 V. That means that <JL nnV attains a local minimum at each 
point in n V. Therefore, any tangential derivative of a vanishes on Ej n V. Moreover, 
if z £ E, fl 7 and T 6 CT 2 60 is such that H p (T,T) vanishes at z, then H a (T, T) is 
non-negative at that point. 

Let W e C" be a vector contained in the span of the vectors {^"(p)}^! -1 - Then, 
using (|2.3j) . it follows that 

H r (W, W)(q) = e - Ca{q) H P {W, W) - C Re ({dp, W)(da, W>) 

+ p(c 2 \(da,W)\ 2 ~CH a (W,W))] (q) 
=e-°^ [-d m (q)(NH p )(W, W)(p) - Cp(q)H a (W 7 W)(q) + O ((f m (q)) \W\ : 

(3.1) + C 2 p(q) \(da{q),W)\ 2 -2CRc ((dp, W)lfaW)) (q) . 

Since (da(p), W) = = {dp(p), W), Taylor's theorem gives 

(da(q), W) = O (r(q)) \W\ = (dp(q), W). 

Therefore, we obtain 

(3.2) H r (W,W){q) > -d m {q)^ Ca(q) {NH p ){W,W){p) - Cr(q)H a (W, W)(q) 

+ 0(r 2 (q))\W\ 2 , 

where the constant in the last term depends on the choice of the constant C. However, 
in view of our claim (|1.4p . this is inconsequential. From here on, we will not point out 
such negligible dependencies. 

We already know that H cr (W, W)(j?) is non-negative, i.e., of the right sign to correct 
(N H p )(W 1 W){p) when necessary. The question is whether the sizes of {NH p )(W : W){p) 
and H a (W, W){p) are comparable in some sense. The following proposition clarifies this. 
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Proposition 3.3. There exists a constant K > such that 

\(NH p ){W,W)(z )\ 2 < K\W\ 2 ■ H a {W,W)(z ) 

holds for all z e^nV and W e CT Zo bfl with H p (W, W)(z ) = 0. 

In order to prove Proposition 13. 31 we need the following lemma: 

Lemma 3.4. Let zq £ bfl and U a neighborhood of zq. Let Z be a smooth (l,0)-vector 
field defined on U , which is complex tangential to b£l on bfl D U , and let Y G C™ be a 
vector belonging to CT Zo bQ. Suppose that Y and Z are such that 

H p (Y,Y)(z ) = = H p (Z,Z)(z ). 
Set X = yij— i Y(Zj)-J^-. Then the following holds: 

(1) X is complex tangential to bfl at Zq, 

(2) (YH p )(X,Z)(z ) = 0, 

(3) H Hp(ZiZ) (Y,Y)(z ) > H p (X,X)(z ). 

Proof of Lemma \3.4\ (1) That X is complex tangential to bQ at zq was shown in Lemma 
3.4 of 0. 

(2) The plurisubharmonicity of p says that both H p (Y, Y)\ MnU and H p (Z, Z)i mnu 
attain a local minimum at Zq. In fact, the function H p (aY + bZ, aY + bZ)i bn , a, b e C, 
attains a local minimum at zq. This means that any tangential derivative of either one 
of those three functions must vanish at that point. In particular, we have 

0= (dH p (aY + bZ,aY + bZ),X){z ) 

= \a\ 2 {dH p {Y 1 Y) 1 X)(z Q ) + 2Rc(ab(dH p (Y,Z),X))(z ) + \b\ 2 (dH p {Z, Z),X)(z ) 

= 2 Re (ab{dH p {Y,Z),X)) (z ). 

Since this is true for all a, b € C, it follows that (dH p (Y, Z), X) must vanish at zq. But 
the plurisubharmonicity of p at zq yields 

(dH p (Y,Z),X) = (XH P ) (Y,Z)(z ) = (YH p )(X, Z)(z ), 

which proves the claim. 

(3) Consider the function 

f(z) = (H p {Z,Z) ■ H p (X,X) - \H p {X,Z)\ 2 } 0) for z e U. 

Note that f\ bClnu attains a local minimum at zq. Since Y is a weak direction at zq, it 
follows that Hf(Y,Y)(zo) is non-negative. This implies that 

(3.5) (H Hp(z , z) (Y,Y) ■ H p (X,X)) (z ) > \(dH p (X, Z), Y)(z )\ 2 , 

where we used that both H P (Z,Z) and any tangential derivative of H P (Z,Z) at Zo are 
zero. We compute 




The first term on the right hand side equals zero by part (2) of Lemma 13.41 and the 
third term is zero as well since p plurisubharmonic at z and Z is a weak direction there. 
Therefore, f|3.5|) becomes 



H p (X,X)(z ) < H Hp{ZtZ) (Y,Y)(z ). 

□ 
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Now we can proceed to show Proposition 13.3 



Proof of Proposition \3.Sl Recall that we are working with vectors W £ C™ contained in 
the span of W 1 (zq), . . . , W n ~ 1 ~' l (zo). We consider the function 

(n-l-i \ 
a ■ H P (N,N) - \ H p( N > W a )\ 2 \ (z) for z e U, 

where a = Y2=i H P (W a , W a ). A gain, since p is plurisubharmonic on 6f2, hi bnnv has a 
local minimum at zq. This, together with H p (W, W)(zq) = 0, implies that Hh(W, W)(zq) 
is non- negative. Since both a and (da, W) — vanish at zq, it follows that 

(H a (W,W)-H p (N,N))(z ) 

2 



n — 1 — i 

* E 

n—l — i 



(WH p )(N,W a )+H p I ^^W(Nj)-^—,W a \+H p \ N,J2W(W?) 



u'=i 



dz; 



3 = 1 



d_ 

dZn 



(*>) 



E 

a=l 



(WH p ){N, W a ) +H p \N,J2 W{Wf) 

3 = 1 



_d_ 

dzj 



Oo), 



where the last step follows from p being plurisubharmonic at zq and the W a 's being weak 
directions there. Moreover, we have that (WH p )(N, W a ) equals (NH p ){W, W a ) at z . 
Writing X a = Y^ =1 W(W^)-£:, we obtain 

n—l—i 

(H a (W,W)-H p (N,N))(z Q )> £ \(NH p )(W,W a ) + H p (N,X<*)\ 2 (z ) 

a=l 

n-l-i , . 

> E (i;\(NH P KW,W a )\ 2 ~3\H p (N,X a )\ 2 ) (z ). 



Here the last step follows from the (sc)-(lc) inequality. Since p is plurisubharmonic at zq, 
we can apply the Cauchy-Schwarz inequality 

\H p (N,X a )(z Q )\ 2 < (H p (N,N)-H p (X a ,X a ))(z ) 

(w a ,W)(W, W)) (zq), 

where the last estimate follows by part (3) of Lemma 13.41 with W and W a in place of Y 
and Z ', respectively. Thus we have 

71 — 1 — t 

\H p (N,X a )(z )\ 2 < (H p (N,N)-H a {W,W))(z Q ), 

a=l 

which implies that 

n— 1 — i 

(3.6) \(NH p )(W,W a )(z )\ 2 <8(H a (W,W)-H p (N,N))(z ). 

a=l 

Since W is a linear combination of {^"(^o)}^! -4 , we can write W = Y^a=\~ l a aW a (zo) 
for some scalars a a e C. Because of the linear independence of the W a, s on V, there 
exists a constant K\ > such that 

2 



II — 1—7. 



n—l — i 



Y b a W a (2 



a=l 



for all z EbtinV, b a eC. 
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Thus it follows that 

n — l — i n—l — i 



J2 \(NH p )(W,W a )(z )f > j^—z J2 \(NH p )(W,a a W a )(z ) 

a — 1 ' ' a— 1 



Hence, (13.60 becomes 



Let > be a constant such that H p (N, N)\ bn < K 2 holds. Setting K = 8KiK 2 {n - 
1 — i), it follows that 

|(JVlTp)(W,WO(zo)| a <K\W\ 2 H a (W,W)(z ). 

□ 

Recall that we arc considering a fixed boundary point p G Ej and all g G ^ PI V, 
7r ( ( ?) = f° r some sufficiently small neighborhood of p. After possibly shrinking V it 
follows by Taylor's theorem that 

H a (W, W){q) = H a {W, W){>K{q)) + O (d bn (q)) \W\ 2 

holds for all q G fin V with ir(q) = p. Using this and Proposition l3.31 we get for q G QPiV 
with ir(q) = p that 

\(NH p )(W, W)( P )\ 2 < K\W\ 2 [H a (W 7 W)(q) + O (d m (q)) \W\ 2 ] . 

Therefore, our basic estimate (|3.2[) of the complex Hessian of r in direction W becomes 



H r (W,W)(q) > -d m (q)e- Ca ^(NH p )(W,W)(p)-r(q)j^^ \NH„(W, W)\ 2 (p) 

+ 0(r 2 (q)) \W\ 2 . 

Let ci > be such that dbn(z) < c\\p(z)\ for all z in V. Then, if we choose 

,„ 7 x r > L ciRe[(iVg p )(T,r)(z)]-f 1 

(3.7) G > max < 0, 5 -ii > , 

zG 6n,T G C'MT|=i [ |(A^iJ p )(T,T)(z)r J 

we obtain, after possibly shrinking V , 

(3.8) H r (W,W)(q) > -e\r(q)\ ■ \W\ 2 

for all q G n V with 7r(g) = p and TU G C™ in the span of {M/°(p)}"^ ! . In fact, after 
possibly shrinking V, (|3.8p holds with, say, 2e in place of e for all g G fl fl V satisfying 
n{q) eE.fiy and W G C" belonging to the span of {W a (n(q))}lz\- 1 . 

A problem with this construction is that r is not necessarily plurisubharmonic at 
those weakly pseudoconvex boundary points which are not in Ej. This possible loss of 
plurisubharmonicity occurs because the W a 's are not necessarily weak directions at those 
points. This means, that we can not simply copy this construction with r in place of p 
to get good estimates near, say, Ei+i. Let us be a more explicit. Suppose p G Ej_|_i n V 
is such that at least one of the W a, s is not a weak direction at p. That means, if T is a 
weak complex tangential direction at p, then neither does \{do(p), T)\ 2 have to be zero 
nor does H a (T,T)(p) have to be non-negative. In view of (|3.ip . this says that it might 
actually happen that (NH r )(T,T)(p) is greater than (N H p )(T ,T)(p) for such a vector 
T . That is, by removing the obstruction term at p we might have worsened the situation 
at p. One might think that this does not cause any real problems since we still need to 
introduce a correcting function a to remove the obstruction to (|1.4p on the set Ej+i fl V. 
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However, it might be the case that (NH p )(T,T)(p) = 0. In this case we do not know 
whether Ha(T, T) is strictly positive at p, i.e., we do not know whether H„(T, T)(p) can 
make up for any obstructing terms at p introduced by a. This says that we need to 
smoothly cut off a in a manner such that, away from Sj n V, \ (da, T) | 2 stays close to zero 
and H a {T,T) does not become too negative (relative to e|T| 2 ). The construction of such 
a cut off function will be done in the next section. 

4. The cutting off 

Let us recall our setting: we arc considering a given boundary point p G Sj, < 
i < n — 2, V a neighborhood of p and smooth, linearly independent (1, 0)-vector fields 
{W*}"Zi l , ot € {1, . . . , n — 1 — i} on V, which are complex tangential to 60 on 60 n ^ 
and satisfy H p {W a ,W a ) = on £j n V. From now on, we also suppose that V and 
the W a, s are chosen such that the span of {VF a (z)}™~^~ 1 contains the null space of the 
Levi form of p at z for all z € Sj D V for j G {i + 1, . . . , n — 2}. This can be done by 
first selecting smooth (l,0)-vector fields {S l3 (z)Yp =1 which are complex tangential to bfl 
on M7 fl V for some neighborhood V of p and orthogonal to each other with respect to 
the Levi form of p such that H p (S l3 , S 13 ) > holds on b£l fl V after possibly shrinking 
V. Then one completes the basis of the complex tangent space with smooth (1, 0)-vector 
fields {W a (z)Y^l\' i such that the W°"s are orthogonal to the S^'s with respect to the 
Levi form of p. 

Let V GC V be another neighborhood of p. Let £ G C£°(V, [0, 1]) be a function 
which equals 1 on V . For given m > 2, let \ m G C°°(R) be an increasing function with 
Xm(x) = 1 for ah x < 1 and ^ m (i) = e TO for all x > e m such that 

X , , < 2, < 2, and x ■ < 4 for all a; G [1, e m l. 

Set Xm,T{x) = Xm (f ) for given r > 0. The above properties then become 

x 2 4 
r\ < 2t > Xto.tW < and x ■ Xm,r( a; ) < - for all x G [r,re m ]. 

Set g m>T (x) = 1 — ln ( Xm ^~( x ^ , It follows by a straightforward computation that 
j miT (s) = 1 for a; < r, < <7 miT (a;) < 1 for all x G R, and 

(4.1) \g' m . T {x)\ <-■-, fL,M > • ^ forx G (r,re m ). 

m x ' m x z 

For given m, t > we define 

= C( z ) • f 7 ( z ) • 9mA a ( z )) for z G y 

and s miT = outside of V. This function has the properties described at the end of 
Section [3] if m, t are chosen appropriately: 

Lemma 4.2. For all 5 > 0, there exist to, t > suc/i t/iat s m r satisfies: 

(i) Sm,r = C' 7 / or CT £ [0,r], 

(ii) < s m r < 5 on 60. 

Moreover, if z G (60 n V) \ Si and T G CT z bQ, then 

(iii) |<d Sm , r (z),T)| <J|T|, 

(iv) H Sm T (T,T)(z) > -S\T\ 2 ifTe sp&n{W a (z)}. 
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Note that part (iv) of Lemma [4.21 in particular says that if z g U™Z? +1 Ej D V, then 
H Sm T (T,T)(z) > — S\T\ 2 for all T which are weak complex tangential vectors at z. 

To prove Lemma ET~2l we will need |(9ct,T)| 2 < a\T\ 2 on supp(C) D 60. That this is in 
fact true we learned from J. D. McNeal. 

Lemma 4.3 (;6j). Let U CC M. n be open. Let f G C 2 (U) be a non-negative function on 
U . Then for any compact set K CC U , there exists a constant c > such that 

(4.4) |V/(x)| 2 < cf{x) for all x G K. 

Since the proof by McNeal is rather clever, and since we are not aware of it being 
published, we shall give it here. 

Proof. Let F be a smooth, non-negative function such that F = / on K and F = on 
R n \U. For a given x G K, we have for all h G M" that 

" f)F 1 ™ r) 2 F 

< F{x + h) = F W + £ W „ k + - Y. 5^(0*.*. 

A:— 1 fc,f= 1 

?l rj /» -.71 i^j2 771 

(4.5) =/W + E ^ (l)ti+ ^ (S) ^, 

fc=l K fc,i=l K ' 

holds for some £ G U. Note that (|4.4p is true if (V/) (x) = 0. So assume now that 

-^L( x ) 

(V/) (a;) ^ and choose h k = ,, a *^ ( ' • f for i G R. Then (g^J) becomes 



I(v/)(a0l 

2 



0</(x) + |(V/) (s)|t + tiL. 



Z)fe=i ( x ) 



l(V/) (x)| 2 



• £ 2 for all i G 



where L = | sup j (0 | £ G £/, 1 < k, I < n\. Therefore, (|4.5|) becomes 

< f(x) + |(V/) (a;) I -t + nL-t 2 for all t g R. 
In particular, the following must hold for all tgl: 



/(*) , \(Vf)(x)\ 2 < / , |(V/)(x)| 



nL (2nL) 2 ~ V 2nL 
which implies that 

|(V/) (z)| 2 <4nL •/(£). 



□ 



We can assume that V is such that there exists a diffeomorphism </> : V f) bil — ► {/ for 
some open set U CC R 2 ™ -1 . Set / := cr o Then / satisfies the hypotheses of Lemma 
14.31 Hence we get that there exists a constant c > such that |(V/) {x)\ 2 < cf(x) for all 
x G K = 0(supp(C))- This implies that there exists a constant c\ > 0, depending on <j), 
such that 

(4.6) \(d<j(z),T)\ 2 < Cl a(z)\T\ 2 for all z G supp(C) and T g CT Z M1 

Now we can prove Lemma 14.21 

Proof of Lemma \4-.2\ Note first that s m r is identically zero on bVL \ V for any m > 2 and 
t > 0. 

Now let S > be given, let m be a large, positive number, fixed and to be chosen later 
(that is, in the proof of (iv)). Below we will show how to choose r > once m has been 
chosen. 
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Part (i) follows directly from the definition of s m ,T for any choice of m > 2 and r > 0. 
Part (ii) also follows straightforwardly, if t > is such that re m < 5. Notice that for all 
z £ 60 (~1 V with er(z) > re™, s m . T (z) = 0, and hence (hi), (iv) hold trivially there. Thus, 
to prove (iii) and (iv) we only need to consider the two sets 

Si = {z £ 60n^ | a(z) e (0,r)} and S 2 = {z E 60 n V \ a(z) € [r, re m ]}. 

Proo/ o/ (mj: If z £ Si, then s m>T (z) = ((z) ■ a(z) and if T £ CT z bil, we get 
|<0s miT («),T>| = k ■ (d(,T) + (- (da,T}\ (z) 



< 



(c 2 a(z) + (cia(z)) 2 ) |T|, where c 2 = max \d((z)\. 



Thus, if we choose r > such that, c 2 t + (c\t) 2 < 5, then (iii) holds on the set Si. 
Now suppose that z £ S2,P £ CT Z 60 and compute: 

\(ds miT (z),T}\ = \a- g miT (<r) ■ (d(, T) + C ■ (9a, T) ( fftn , T (tr) + a • O)) | (z) 
ED, ED / 1 / 4 \ \ 

< C 2 <7^) + ( Cl ^))'- 1 + - |T|. 



Thus, if we choose r > such that c 2 re m + 2{c\Te m )^ < <5, then (iii) also holds on the 
set S2. 

Proof of (iv): Let us first consider the case when z £ Si. Then, again, s mjT (z) = 
C{z) ■ er(z) and if T is in the span of {W a (z)} r ^z}{~\ we obtain 



H SmT (T,T)(z) = \o--H < (T,T) + 2K£((d(,T)-{do-,T))+(-H (T (T,T)\ (z). 

Let c 3 > be a constant such that i? c (£, £)(z) > -c 3 |£| 2 for all z £ 60 n 7, £ £ C". Then 
it follows, using (|4.6| again, that 



H SmT {T,T){z) >-(c^{z) + 2c 2 (cia(z))^) T| 2 + C( 2 ) ' H a (T, T)(z). 

Note that for z and T as above, H a (T,T)(z) > when <r(z) = 0. Furthermore, the set 

{(z,T) I z £ 60nsuppC, cr(z) = 0, T £ spanjVF 1 ^),.. . , W" _1_i (z)}} 

is a closed subset of the complex tangent bundle of 60. Thus there exists a neighborhood 
U C V of {z £ 60 n suppC I er(z) = 0} such that 

H a (T,T)(z) >-^\T\ 2 

holds for all z £ 60 n J7, T in the span of {W a (z)Y^l\~ l . Let i/i be the maximum of a on 
the closure of 60 n U, and let v 2 be the minimum of a on (60 n supp Q \ {/. Now choose 
t > such that r < min-jVi, Then z £ Si implies that z £ 60 n U and therefore 
C(z) • H a {T,T)(z) > -§|T| 2 for all T in the span of the W a (z) J s. If we also make sure 

that r > is such that C3T + 2c 2 (cir) 2 < |, then (iv) is true on Si. 

Now suppose that z £ S 2 and T in the span of {W a (z)}™z\~ l . We compute 

H Sm:T (T,T)(z) = [ag m , T (<r)H ( (T,T) + 2Re(<c>C,P> • Jdo^Tj) (sm,r(<r)+< T W) 

+C I (da, T)\ 2 (2g' m>T (a) + <r<4 ,») + (H a (T, T)(g m . T (<j) + («) 
= I + II + III + IV . 
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If we choose r > such that re m C3 < 4, then it follows that I > — ||T| 2 . Estimating the 
term II we get 

EQ / 4 \ i 8 o 

II > -2c 2 |(da(z),T)||T| 1 + - > -Ac 2 ( Cl a(z)Y\T\ 2 >— A \T\\ 



if we choose r > such that 4c 2 (cire m ) 2 < |. To estimate term IV, we only need to 

5 1 
4 



make sure that r > is so small that z e S 2 implies that 2£(z) • H a (T,T)(z) > -f |T 2 . 



This can be done similarly to the case when z £ Si. 

Note that up to this point the size of the parameter m played no role. That is, we 
obtain above results for any choice of m as long as r > is sufficiently small. The size of 
m only matters for the estimates on term III: (|4.1[) and (|4.6[) yield 

III > -\{da{z),T)\ 2 [2\g' m!T (a(z))\+a(z)g'J ntT (a(z))] 

>H<^),T)| 2 ^>-^|lf. 

ma{z) m 

We now choose m > such that < |, and then we choose r > according to our 
previous computations . □ 



5. Proof of (fTl| 

We shall prove (| 1 .4|) by induction over the rank of the Levi form of p. To start the 
induction wc construct a smooth defining function tq of fl which satisfies (|1.4|) on Uo fl 
for some neighborhood C/o of S . 

Let {V;-,o}j6J , {^/.olje./o cc be finite, open covers of S with V- CC V^o such 
that there exist smooth, linearly independent (1, 0)-vector fields W? , a £ {1, ... ,n— 1}, 
defined on V},o, which are complex tangential to btt on btt (~l V},o and satisfy: 

(1) flp(W£ , W£„) = on E n V j>0 for all j e J , 

(2) the span of the W" (z)'s contains the null space of the Levi form of p at z for all 
boundary points z in U™J~ 2 +1 Sj n Vj,o- 

We shall write V Q = Uj e j Vj t o and V ' = Uj e j V^ . 

Choose smooth, non-negative functions Q t Q, j £ Jq, such that 

X! 0,0 = 1 on Vq, ^2 0,o < 1 on V , and suppC^o C Vj.o for all j £ J . 

jeJo jeJ 

Set (Tj-o = Ea=i^(^oi^o)' For S iven 6 > °> choose C according to (|57T]) . Then 
choose m,- n and t,' n as in Lemma 14.21 such that 



rrijfi ana r^o 

_ /0,o(2) • <j jfi (z) ■ g mj , ,T jl0 ((rj,o( z )) if z G ^.0 



lj,0.' r j,0 ( z ) 



k if z e (^- ) c 

satisfies (i)-(iv) of Lemma [4721 for 5q = Co jj ■ Finally, set sq = J2jej s ™ 3 o,Tj an d define 
the smooth defining function ro = pe~ ° s ° . 

By our choice of ro we have for all q £ f2 fl V ' with ir(q) £ So fl V ' that 

H ro (W, W)(q) > H ro (W, W)(w(q)) - e |r (<?)| ■ \W\ 2 = -e \r (q)\ ■ \W\ 2 

for all W £ CT^^bfl. In fact, by continuity there exists a neighborhood Uo C Vq °f ^0 
such that 

H ro (W,W)(q)>H ro (W,W)(TT(q))-2e\r (q)\\W\ 2 



12 



J. E. FORN^SS, A.-K. HERBIG 



holds for all q £ Q n U with ir(q) ebfinUo and W £ CT^Ml 

Now let (eC". For each q E CI n U with n(q) ebfir\U we shall write f; = W + M, 
where W e CT^bQ and M in the span of iV(?r(g)). Note that then |£| 2 = \W\ 2 + \M\ 2 . 
We get for the complex Hessian of tq at q: 

H ro (C,0(q) = H ro (W,W)(q)+2Re(H ro (W,M)(q))+H ro (M,M)(q) 

> H ro (W,W)(7r(q))-2e\r Q (q)\ ■ \W\ 2 + 2 Re (H ro (W, M )(q)) + H ro (M, M)(q). 
Note that Taylor's theorem yields 
H ro (W, M){q) = H ro (W, A0(tt(?)) + 0(d bQ (q))\ W\ \M\ 

= e -C 0S0 ^( q )) ( Hp (W, M) - C(dp, M)(ds , W>) (ir(q)) + 0(d bn (q))\W\\M\. 

It follows by property (hi) of Lemma 14.21 that \(dso, W)\ < -^\W\ on bfl. After possibly 
shrinking Uq we get 

2Re(H ro (W,M){Tt(q))) > -4e\dp\\W\\M\ + e - CoS °^ q ^2 Re (H P (W, M)) (n(q)). 
Putting the above estimates together, we have 

H ro K, (?) > - 2e | r (q) \ \ W \ 2 - 4e | dp \ \ W 1 1 M \ + H ro (M, M) (g) 

+ e -Co.o««)) [fr p ( W r W r)( 7r ( 9 )) +2 Re(^,(W;M)(7r(?)))]. 
An application of the (sc)-(lc) inequality yields 

-e|W||M| > e (\r (qM\ 2 + \(dr (n(q)),0\ 2 

where we used that |£| 2 = \W\ 2 + \M\ 2 . Taylor's theorem also gives us that 

|(9r (7r(g)),0| = e"^^ • \(dp(n(q)),Z)\ 

<e- c ° s °^-(\{dp(q),0\ + O(p(q))\Z\), 

where the constant in the last term is independent of e. After possibly shrinking Uq, we 
obtain for all q € fl fl Uq 

|<0r o (7r(g)U)| < 2e~ c ^ ■ \(dp(q),0\ + O (r„(g)) |£| 

< 2 K0ro(5),OI + 2 |p(g)| ■ | (de- c ° s °^,0\ + O (r (q)) 

where, again, the constant in the last term is independent of e. Using that \(dso, W)\ < 
^\W\ on 60, we get 

{de -C s o{q ) j0 |< 2e \ W \ + Q( d p(*(q)), 01), 
which implies that \(dro(n(q)),£)\ < |(<9r (g),£)l + \ro(q)\\£\. Thus we have 

-e\W\\M\ > e (\r a (q)\\e + \{dr (q),0f 
Since 

H p (W,W)(n(q)) + 2Re(H p (W, M)(n(q)) = £)«<?)) - H p (M,M)(n(q)), 
and H p (£, C)( 7r (<?)) is non-negative, it follows that 

HrofoZM > -c (ko(g)HO 2 + ^yr |(9r (q),0| 2 ) + 0M 9 )) 

for some positive constant /iq. Since the constants in > do not depend on the choice of 
e, this proves (|1.4[) in an open neighborhood Uq of So- 
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Let I G {0, . . . , n — 3} be fixed and suppose that there exist a smooth defining function 
n of btt and an open neighborhood Ui C C™ of u' =0 £i such that 

(5.1) fln&OGz) > (in(g)liei 2 + r^y| l<0n(?U>l a ) +w^(f.e)W?)) 

for all q G PI t/j with 7r(g) E fefi ("1 C/j and £ G C". Here, /i; is some positive constant. 
Furthermore, we suppose that the function $i defined by n = pe^® 1 satisfies the following 

(5.2) |(90j(z),T)| < e|T| for all z e bfl,T £ CT z bQ 

(5.3) H. dl {T,T){z) > — e|T| 2 for all z G U™Z i 2 +1 S i ,T G CT z 6fi with H p (T,T)(z) = 0. 

Let fc = I + 1. We shall now show that there exist a smooth defining function and 
a neighborhood U k of u|L £, such that for some positive constant \i k 

(5.4) H rk (£,0(q) >-e^r k (q)\\e + y^\(dr k (q),0\^j + M*^(f.0W?)) 

holds for all e O n C/ fe with 7r(g) £ fcft n £4 and £ G C". 

Let {Vj.k}je.j k , {V- k }j£.j k be finite, open covers of Y> k \ Uk-i such that 

(1) y/ fc CC Vj,k and Fj, fc H (U*lo Si) = for all j G J k , and 

(2) there exist smooth, linearly independent (1, 0)-vector fields W? k , a € {1, ... ,n — 

1 — fc}, and Sj k , (3 G {1, . . . , fc}, defined on Vj lk , which arc complex tangential to 
bfl on 6f2 fl Vj k and satisfy the following: 

(a) H p (W£ k lW£ k ) = on S fc n V jt k , a G {1, . . . , n - 1 - fc}, j G J fc , 

(b) the span of {Wj k {z), . . . , W^j,^)} contains the null space of the Levi form 
of p at all boundary points z belonging to U"~ k+1 'Si H Vj <k , 

(c) H p (S? k , S? k ) > on bn n V~ k , /3 G {1, . . . , fc}, j G J fe , 

(d) F p (5^ fe , Sf fe ) = for /3 / /3 on 6r» n ^, fc , /3, /3 G {1, . . . , fc}, j G J*. 

Note that above vector fields {Wj\} always exist in some neighborhood of a given point 
in Sfe. However, we might not be able to cover with finitely many such neighborhoods, 
when the closure of £& contains boundary points at which the Levi form is of lower rank. 
Moreover, if the latter is the case, then (c) above is also impossible. These are the reasons 
for proving (|1.4p via induction over the rank of the Levi form of p. 

Suppose S is in the span of {S^ k ( z )}p=i and w is in tnc s P an of { w £ k ( z )}Z=l~ k for 
some z G Vj t k, then there is some constant n k > such that \S\ 2 + \W\ 2 < Kk\S + W\ 2 
for all j G J/c. We shall write V k = UjeJ k V j>k and V k = O je j k V^ k . 

Let Qj t k be non-negative, smooth functions such that 



Cj,k = 1 on Vfe, ^2 0,fe < 1 on Vfc and supp(,,/b C V j>k . 



Set <7j.k = X)a=i _1 Hp(Wj*k> Recall that e > is given. Choose Ck according to 

(|3.7p with in place of e there. We now choose m,j lk , Tj tk > such that 

/ \ _ )Cj,k( z ) ■ a jA z ) ■ 9m jtkTj , k (oj,k(z)) if z G Vj >k 

satisfies (i)-(iv) of Lemma l4.2l with S k = c k \j k \K k • Sk = ^jeJ k Sm i k.Ts k and define the 
smooth defining function r k = rk-\e~ Csk . We claim that this choice of r k satisfies 
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We shall first see that ifO]) is true for all q G 0, n U k -i D V k with n(q) ebfin Uk-i f~l V k . 
A straightforward computation yields 



(5.5) H rk (^0(q) = e- c ^ 



H rk _AC,0 +r k -i (Cl \{ds k ,0\ 2 - C k H Sk (tO) 



2C k Re((dr k ^,0(ds k ,0 



(?)■ 



By induction hypothesis (|5.ip we have good control over the first term in 

1 



e- CkSk{q) H rk _ 1 (t ) 0(q)>-e(\r k ( q )\\tf + 



e- c " s ^dr k -i(q),0 



r k (q) 

+ e-^« W _ 1 ff p (^)W?)). 

Note that 

{e-^^^arfc-i^.of < 2\(dr k (q),0\ 2 +rl(q)C 2 k \(d Sk (q), Of ■ 
Moreover, part (iii) of Lemma 14.21 implies that 

(5.6) Cl \(ds k (q) 7 0\ 2 < 2e\e + O (\(dr k (n(q)),0\ 2 ) < 3e|£| 2 + O (\(dr k (q),0\ 
after possibly shrinking U k —i (in normal direction only). Thus we have 



V M<?) 



For some positive constant fi < fx k —i. Thus the first term on the right hand side of 
(|5.5p is taken care of. Now suppose q G O n Uk-i H Vfc is such that n(q) G 6£1 PI Vj tk 
for some j G J k . To be able to deal with the term H Sk (£,£)(q) in (|5.5|) . we shall write 
f = 5 + W + M, where 

5 G span ({S* k (ir(q))} h p =1 ) , VF G span {{Wf^q))}^ 1 ^) , and M G span (N(w(q))) 



Then the (sc)-(lc) inequality gives 

C k H ak (Z,t)(q)>C k H Bh (W,W)(q) 



K k 



\W\ 2 + O (\S\ 2 + \M\ 



> -2— \W\ 2 + O (\S\ 2 + \M\ 2 ) , 
K k 

where the last step holds since s k satisfies part (iv) of Lemma 14.21 The last inequality 
together with (|5.6[) lets us estimate the second term in (|5.5[) as follows 



> -e {\r k \m 2 + \(dr k ,0\^ (?) + 0(r k (q))\S\ 2 . 
For the third term in (|5.5|) we use (|5.6[) again and obtain 

-2C fc e- c *'*<«> Re (<0^£> (?) > -e (m«)||£| 2 + K0rfc-i(?),f)| S 
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Collecting all these estimates, using — \W\ 2 < |£| 2 , we now have for q £ £1 n Uk-i n V k 
with 7r(g) e 60 n f/fe-i n T4 and for some [i > 



+ Mfi' P (^0W9)) + O(r ik (g))|S 

/ i 

> - 



2 



r k (qM\ 2 + \(dr k -i(q),£)f) + f Q(*(q)). 

Here, the last estimate holds, after possibly shrinking U k —i H V k ( m normal direction 
only), since p is plurisubharmonic on bQ. 

We still need to show that ()5.4|) is true in some neighborhood of T, k \ Uk-i- Let [/Cl4 
be a neighborhood of Y, k \ E4-i, (? £ fi PI {/ with ?r(g) £ 60 D tj,fc for some j £ J k and 
£ £ C". Writing j? fc = i? fc _i + C fc s fc , we get 

H rk (tO(q) = e-" fc(g) [ff P (£,£)-2Re (WO{d#k,0 



+ P (\(d#k, Of - H^_ x (£, - C k H Sk (£, 0)] («) 
= I + II + III + IV + V. 

Wc write again £ = 5 + W + M. By construction of and by the induction hypotheses 
(|5.2j) and (|5.3p on $fc_i, we can do estimates similar to the ones below (|5.5|) to obtain 



II + III + IV>- e (^|r fc ( g )||e| 2 + ^^1(^(^,01^ + 0(r k (q))\S\ 2 for q £ U. 

So we are left with the terms I and V. Let us first consider the term I. By Taylor's 
Theorem, we have 

e-^Wff p (e,0(?) = e-^ (9) (lf P (^0(^(g))-4 fi (g)Re[(iV J ff p )(^0(7r(«))]) 

+ 0(rl(q)) 

By the (sc)-(lc) inequality we have 

Re {(NH p )(t 0(7r(?))] < Re [(NH P )(W, W)(w(q))} 

c 



\W\ 2 + ^ (|S| 2 + |M 12 ^ 



where ci > is such that dbn{q) < c i|/°(<z)|- Therefore we obtain for some > 
e-»^H p (Z,0(q) > - d m (q)e-^ Re [(NH p )(W, W)(ir(q))] + r k (q) — \W\ 2 

+ »H P (£, 0(vr(g)) + O (r k (q)) (\S\ 2 + \M\ 2 ) + O (r 2 (q)) |£| 2 . 
To estimate term V we use (sc)-(lc) inequality again: 



-r k (q)C k H Sk (tO(q) > -r k (q) \C k H Sk (W,W)(q) - —\W\ 2 j+0(r k (q)) (\S\ 2 + \M\ 2 ). 
After possibly shrinking U, we get for some /i > 

I + V>-d bU (q)e-^Be[(NH p )(W,W)(x(q)))+r k (q) { -C k H 3k (W,W)(q) + —\W\ 2 
+ ^H p (t 0(7r(g)) + O (r k (q)) \M\ 2 + O (r 2 (q)) |£| 



2 i p~\ ( ~2 ( „W It 1 2 
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By our choice of Sk and Ck, it follows that for all q £ n U with 7r(g) £ bfl n U we have 
-d m e- 4k ^Re[(NH p )(W,W)(7r(q))}-r k {q)C k H Sk (W,W)(q) > — r k {q)\W\ 2 . 

K k 

Putting our estimates for the terms I-V together and letting U k be the union of Uk-i 
and U, we obtain: for all q £ f2 n Uk with 7r(g) £ bfl n E/fc, the function satisfies 

^r fc K,0(9) £ -e (W)l|£| 2 + |^ K5rfc(5),0| 2 ) + HkH p (Z,0(ir(q)) 

for some /it/. > 0. Since the constants in > do not depend on e or on any other parameters 
which come up in the construction of r k , (|5.4[) follows. Moreover, by construction, 
satisfies ([5T2]) and 

Note that S n _i \ C/ n _2 is a closed subset of the set of strictly pseudoconvex boundary 
points. Thus for any smooth defining function r there is some neighborhood U of £ n _i \ 
U n —2 such that 

H r (ti,0>\Z\ 2 + O(\(dr(q),0\ 2 ) for all £ e C" 

holds on t/ (~l f2. This concludes the proof of l|1.4p . 

The proof of (|1.5[) is essentially the same as the one of (|1.4p except that a few signs 
change. That is, the basic estimate (|2.2[) for g € f2 c n U becomes 

H p (W, W){q) = 2d bQ (q)NH p (W, W){*(q)) + O {d 2 m {q)) W\ 2 

for any vector W £ C™ which is a weak complex tangential direction at ir(q). So an 
obstruction for (|1.5[) to hold at g £ fi fl £/ occurs when NH P (W,W) is negative at 
ir(q) - note that this happens exactly when we have no problem with (|1.4j) . Since the 
obstruction terms to (jl.4p and (jl.5| only differ by a sign, one would expect that the 
necessary modifications of p also just differ by a sign. In fact, let "& n -2 be as in the proof 
of (|1.4p - that is, T\ = pe~^™- 2 satisfies (|1.4[) for a given e > 0. Then r 2 = pe® n ~ 2 satisfies 
(|1.5[) for the same e. 



6. Proof of Corollary 11.61 

We shall now prove Corollarv ll.6l We begin with part (i) by showing first that for any 
Tj £ (0, 1) there exist a S > 0, a smooth defining function r of f2 and a neighborhood U of 

such that h = — (— re _(5 ^l is strictly plurisubharmonic on fl n {/. 

Let ?y G (0, 1) be fixed, and r be a smooth defining function of ft. For notational ease 
we write <j>{z) = 8\z\ 2 for 5 > 0. Here, r and S are fixed and to be chosen later. Let us 
compute the complex Hessian of h on fl n U: 

(l-v)\(dr,0\ 2 -rH r (tO 
+ 2r V Re ((dr, f ) (9^)) -r 2 , 7 1 (90, 1 2 + r 2 i^(£, £)" • 

An application of the (sc)-(lc) inequality gives 

2n/Re ((9r,0(^)) > |<dr,0| 2 - ^ IW.0| 2 ■ 
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Therefore, we obtain for the complex Hessian of h on fl the following: 



H h (^)>v(-r) v ~ a e-^ 



2 



\(dr,0\ 2 -rH r (H,0 



^ = 2t)(i+t})d ' wnere = max ze ?2 l z | 2 - Then we get 



This implies that 

(6.1) H H (£,Q>ri(-r)'i- 3 e-*' 
holds on il. 



i^Kar,oi 2 -rfi,.(e,o + ^ 2 lci 2 



Set e = min{i^, 8 ^ t^yd }■ By C2J there exist a neighborhood {/ of bfl and a smooth 



877(1+77)U 

defining function r\ of 17 such that 



\ri(q)\\e + Y^\(dri(q),Of 
\n(q)\ 



holds for all q G ^ n f/, £ G C n . Setting r = n and using (|6.ip . we obtain 

H h (ti,0(q) > *?(-%)) ■ e|C| 2 for q G n C/, £ G C". 

It follows by standard arguments that there exists a defining function f\ such that — (— ri)' 7 
is strictly plurisubharmonic on f2; for details see pg. 133 in pQ. This proves part (i) of 
Corollary 1 1.61 

A proof similar to the one of part (i), using (|1.5[) . shows that for each r) > 1 there exists 
a smooth defining function ?2, a neighborhood £/ of bfl and 5 > such that (r2e 5 ' z l ) r ' is 
strictly plurisubharmonic on f2 (1 (/. 
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